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We consider the system of boundary value problems
Žni. w xu t q f t , u t , u t , . . . , u t s 0, t g 0, 1Ž . Ž . Ž . Ž .Ž .i i 1 2 m
uŽ j. 0 s 0 s uŽ pi. 1 , 0 F j F n y 2Ž . Ž .i i i
i s 1, 2, . . . , m ,
where n G 2, 1 F p F n y 1, 1 F i F m. Several criteria are offered for thei i i
existence of single and twin solutions of the system that are of fixed signs. Q 2000
Academic Press
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1. INTRODUCTION
In this paper we shall consider the system of boundary value problems
Žni. w xu t q f t , u t , u t , . . . , u t s 0, t g 0, 1 1.1Ž . Ž . Ž . Ž . Ž .Ž .i i 1 2 m
uŽ j. 0 s 0 s uŽ pi. 1 , 0 F j F n y 2, 1.2Ž . Ž . Ž .i i i
where i s 1, 2, . . . , m. Throughout, for each 1 F i F m, it is assumed that
n G 2 and 1 F p F n y 1.i i i
Ž . Ž . Ž .A solution u s u , u , . . . , u of 1.1 ] 1.2 will be sought in B ’1 2 m
Žn1.w x Žn2 .w x Žnm.w xC 0, 1 = C 0, 1 = ??? = C 0, 1 . We say that u is a solution of
w xfixed sign if for each 1 F i F m, we have g u G 0 on 0, 1 where g gi i i
 41, y1 . The aim of this paper is to provide various conditions on the
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Ž . Ž .nonlinearities f , 1 F i F m, so that the system 1.1 ] 1.2 has single asi
well as twin solutions that are of fixed signs. Specifically, we shall investi-
Ž .gate two situations, the first is when f 's are ``positive'' in some sense ,i
and the second is when this condition is relaxed.
The motivation for the present work stems from many recent investiga-
tions on the existence of solutions of boundary value problems, which are
w xwell documented in the monographs 1, 2, 5, 6 . In fact, particular cases of
Ž . Ž .1.1 ] 1.2 when m s 1 arise in various physical phenomena such as gas
diffusion through porous media, nonlinear diffusion generated by nonlin-
ear sources, thermal self-ignition of a chemically active mixture of gases in
a vessel, catalysis theory, chemically reacting systems, infectious diseases,
adiabatic tubular reactor processes, as well as concentration in chemical or
w xbiological problems 8]13, 15, 16 . Our current work extends the vast
literature on boundary value problems to a system of boundary value
problems. For other related work on systems of boundary value problems,
w xwe refer to recent contributions of 4, 7, 17]19 . It is noted that in all this
work, the systems are less general than what we are considering here and
Žthe nonlinearities are always assumed to be positive in an actual or a
.certain sense .
The plan of the paper is as follows. In Section 2 we shall state two fixed
point theorems, the first of which is a nonlinear alternative of Leray]
Schauder type whereas the second is Krasnosel'skii's fixed point theorem
in a cone. We also present inequalities for a certain Green's function
which are needed later. Assuming ``positiveness'' on the nonlinearities f ,i
1 F i F m, in Sections 3 and 4, respectively, we establish the existence of
Ž . Ž .single and twin fixed-sign solutions of 1.1 ] 1.2 . These results are used in
Section 5 when we remove the ``positiveness'' condition on the f 's.i
 4Throughout, with g g 1, y1 , 1 F i F m, given, we definei
<K s u s u , u , . . . , u g B g u G 0, 1 F i F m 4Ž .1 2 m i i
and
< 4K s K _ 0 s u s u , u , . . . , u g K g u ) 0Ž .q 1 2 m j j
 4for some j g 1, 2, . . . , m .4
2. PRELIMINARIES
w xTHEOREM 2.1 4 . Let B be a Banach space with E : B closed and
con¤ex. Assume U is a relati¤ely open subset of E with 0 g U and S: U “ E
is a continuous and compact map. Then either
Ž .a S has a fixed point in U
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or
Ž . Ž .b there exists u g ›U and l g 0, 1 such that u s lSu.
w x Ž 5 5.THEOREM 2.2 14 . Let B s B, ? be a Banach space, and let C ; B
be a cone in B. Assume V , V are open subsets of B with 0 g V , V ; V ,1 2 1 1 2
and let
S : C l V _V “ CŽ .2 1
be a completely continuous operator such that either
Ž . 5 5 5 5 5 5 5 5a Su F u , u g C l › V , and Su G u , u g C l › V1 2
or
Ž . 5 5 5 5 5 5 5 5b Su G u , u g C l › V , and Su F u , u g C l › V .1 2
Ž .Then S has a fixed point in C l V _V .2 1
Ž . Ž .To obtain a solution of 1.1 ] 1.2 , we require a mapping whose kernel
Ž . Ž .G t, s is the Green's function of the n , p boundary value problemi i i
Žni. w xyy t s 0, t g 0, 1Ž .
2.1Ž .
y Ž j. 0 s 0 s y Ž pi. 1 , 0 F j F n y 2.Ž . Ž . i
w xIt is known 5, p. 191 that
n yp y1 n y1n y1 i i ii1 w xt 1 y s y t y s , s g 0, tŽ . Ž .
G t , s sŽ .i n yp y1n y1 i i½ in y 1 !Ž . w xt 1 y s , s g t , 1i Ž .
2.2Ž .
and
› j
w x w xG t , s G 0, 0 F j F p , t , s g 0, 1 = 0, 1 . 2.3Ž . Ž . Ž .i ij› t
1 3w x Ž . w x w xLEMMA 2.1 5, p. 192 . For t, s g , = 0, 1 , we ha¤e4 4
n y1i1 1 pn yp y1 ii iG t , s G 1 y s 1 y 1 y s .Ž . Ž . Ž .i ž /4 n y 1 !Ž .i
w x Ž . w x w xLEMMA 2.2 5, p. 191 . For p G 1 and t, s g 0, 1 = 0, 1 , we ha¤ei
1 pn yp y1 ii iG t , s F 1 y s 1 y 1 y s .Ž . Ž . Ž .i n y 1 !Ž .i
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3. POSITIVE SYSTEM: A FIXED-SIGN SOLUTION
In this section we shall tackle the existence of a fixed-sign solution,
assuming that the nonlinearities f , 1 F i F m, are ``positive.'' To begin, leti
Žn1.w x Žn2 .w x Žnm .w xthe Banach space B s C 0, 1 = C 0, 1 = ??? = C 0, 1 . For u s
Ž .u , u , . . . , u g B, define the norm1 2 m
5 5 < <u s max sup u t s max uŽ . 0i i
1FiFm 1FiFmw xtg 0, 1
< < < Ž . <where we denote u s sup u t , 1 F i F m.0i t gw0, 1x i
Define the operator S: B “ B by
w xSu t s S u t , S u t , . . . , S u t , t g 0, 1 , 3.1Ž . Ž . Ž . Ž . Ž .Ž .1 2 m
where
1
S u t s G t , s f s, u s , u s , . . . , u s ds,Ž . Ž . Ž . Ž . Ž .Ž .Hi i i 1 2 m
0
w xt g 0, 1 , 1 F i F m. 3.2Ž .
Clearly, a fixed point of the operator S is a solution of the system
Ž . Ž .1.1 ] 1.2 .
Our first theorem gives a general existence principle. Here, f 's need noti
be ``positive.''
w x mTHEOREM 3.1. Let f : 0, 1 = R “ R, 1 F i F m, be continuous. Sup-i
pose there exists a constant r, independent of l, such that
5 5u / r 3.3Ž .
Ž .for any solution u g B of the system 1.2 ,
Žni. w xu t q l f t , u t , u t , . . . , u t s 0, t g 0, 1 , 3.4Ž . Ž . Ž . Ž . Ž .Ž . li i 1 2 m
Ž . Ž . Ž .where l g 0, 1 . Then 1.1 ] 1.2 has at least one solution u g B with
5 5u F r.
Proof. We shall employ Theorem 2.1. In the context of Theorem 2.1,
let
5 5 4U s u g B ‹ u - r .
Ž . Ž .Clearly, solving 3.4 ] 1.2 is equivalent to finding a u g B such thatl
w xu s lSu. Further, by the Arzela]Ascoli theorem in 3 , the operator S is
Ž .continuous and completely continuous. In view of 3.3 , we cannot have
Ž . Ž .conclusion b of Theorem 2.1; hence conclusion a of Theorem 2.1 holds,
Ž . Ž . 5 5i.e., the system 1.1 ] 1.2 has a solution u g U with u F r.
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Using Theorem 3.1, we obtain the following result which ensures the
existence of a fixed-sign solution when f 's are ``positive.''i
THEOREM 3.2. Assume that
Ž . Ž .A ``positi¤eness'' condition for each 1 F i F m, f is continuous oni
w x0, 1 = K, with
w xg f t , u , u , . . . , u G 0, t , u g 0, 1 = KŽ . Ž .i i 1 2 m
and
w xg f t , u , u , . . . , u ) 0, t , u g 0, 1 = K ;Ž . Ž .i i 1 2 m q
Ž .B for each 1 F i F m,
g f t , u , u , . . . , u F a t w g u w g u ??? w g u ,Ž . Ž . Ž . Ž . Ž .i i 1 2 m i i1 1 1 i2 2 2 im m m
w xt , u g 0, 1 = K ,Ž .
w x Ž . w . w .where a : 0, 1 “ 0, ‘ , and w : 0, ‘ “ 0, ‘ , 1 F j F m, are continuousi i j
and nondecreasing;
Ž .C there exists r ) 0 such that
r ) M w r w r ??? w r , 1 F i F m ,Ž . Ž . Ž .i i1 i2 im
where
1 1
M s sup G t , s a s ds s G 1, s a s ds, 1 F i F m.Ž . Ž . Ž . Ž .H Hi i i i i
0 0w xtg 0, 1
Ž . Ž . U 5 U 5Then, 1.1 ] 1.2 has a fixed-sign solution u with u - r.
Ž .Proof. To begin, we consider the system 1.2 ,
Žni. Ã w xu t q f t , u t , u t , . . . , u t s 0, t g 0, 1 , 3.5Ž . Ž . Ž . Ž . Ž .Ž .i i 1 2 m
Ã mw xwhere f : 0, 1 = R “ R is defined byi
Ã < < < < < <f t , u , u , . . . , u s f t , g u , g u , . . . , g u , 1 F i F m.Ž . Ž .i 1 2 m i 1 1 2 2 m m
3.6Ž .
ÃŽ < < < < < <. Ž .Since g u , g u , . . . , g u g K, by A the function f is well defined1 1 2 2 m m i
and is continuous.
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Ž . Ž .We shall show that 3.5 ] 1.2 has a solution. For this, we look at the
Ž .family of systems comprising 1.2 ,
Žni. Ã w xu t q l f t , u t , u t , . . . , u t s 0, t g 0, 1 , 3.7Ž . Ž . Ž . Ž . Ž .Ž . li i 1 2 m
Ž . Ž . Ž .where l g 0, 1 . Let u s u , u , . . . , u g B be any solution of 3.7 ]1 2 m l
Ž .1.2 . We shall establish the inequality
5 5u / r . 3.8Ž .
First, it is clear that
1 Ãu t s l G t , s f s, u s , u s , . . . , u s dsŽ . Ž . Ž . Ž . Ž .Ž .Hi i i 1 2 m
0
1
s l G t , s f s, g u s , g u s , . . . , g u s ds,Ž . Ž . Ž . Ž .Ž .H i i 1 1 2 2 m m
0
w xt g 0, 1 , 1 F i F m.
Ž . Ž . Ž . w xUsing 2.3 and A , it follows immediately that g u t G 0, t g 0, 1 ,i i
Ž . Ž . w x1 F i F m. Hence, in view of B and C , we find, for t g 0, 1 and
1 F i F m,
u t s g u tŽ . Ž .i i i
1
F G t , s g f s, g u s , g u s , . . . , g u s dsŽ . Ž . Ž . Ž .Ž .H i i i 1 1 2 2 m m
0
1
F G t , s a s w u s w u s ??? w u s dsŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .H i i i1 1 i2 2 im m
0
1
5 5 5 5 5 5F G t , s a s w u w u ??? w u dsŽ . Ž . Ž . Ž . Ž .H i i i1 i2 im
0
5 5 5 5 5 5F M w u w u ??? w u .Ž . Ž . Ž .i i1 i2 im
This immediately implies
< < 5 5 5 5 5 5u F M w u w u ??? w u , 1 F i F m. 3.9Ž . Ž . Ž . Ž .0i i i1 i2 im
5 5 < <  4 Ž . Ž .If u s u for some j g 1, 2, . . . , m , then 3.9 yields when i s j0j
5 5 5 5 5 5 5 5u F M w u w u ??? w u .Ž . Ž . Ž .j j1 j2 jm
Ž . 5 5 Ž .Noting C , we see that u / r. Hence, 3.8 is proved.
Ž . Ž . U Ž U UBy Theorem 3.1, the system 3.5 ] 1.2 has a solution u s u , u , . . . ,1 2
U . 5 U 5 5 U 5u g B with u F r. A similar argument as above gives u / r ;m
therefore
5 U 5u - r . 3.10Ž .
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Ž . Ž .Again, by 2.3 and A it follows that
1U U U UÃg u t s G t , s g f s, u s , u s , . . . , u s ds G 0,Ž . Ž . Ž . Ž . Ž .Ž .Hi i i i i 1 2 m
0
w xt g 0, 1 , 1 F i F m ,
i.e.,
U U w xg u t s u t , t g 0, 1 , 1 F i F m. 3.11Ž . Ž . Ž .i i i
Ž . Ž . w xUsing 3.11 in definition 3.6 , we have for t g 0, 1 and 1 F i F m,
Ã U U U U U U< < < < < <f t , u , u , . . . , u s f t , g u , g u , . . . , g uŽ . Ž .i 1 2 m i 1 1 2 2 m m
s f t , g 2 uU , g 2 uU , . . . , g 2 uUŽ .i 1 1 2 2 m m
s f t , uU , uU , . . . , uU .Ž .i 1 2 m
U Ž . Ž . Ž .Hence, u is in fact a fixed-sign solution of 1.1 ] 1.2 . Noting 3.10 , the
proof of the theorem is complete.
4. POSITIVE SYSTEM: TWIN FIXED-SIGN SOLUTIONS
Assuming f , 1 F i F m, are ``positive,'' in this section we establish thei
1 3w xexistence of twin fixed-sign solutions. Let I s , . Define4 4
C s u s u , u , . . . , u g B for each 1 F i F m , g u t G 0Ž . Ž .½ 1 2 m i i
n y1i1 < <w xfor t g 0, 1 , and min g u t G u . 4.1Ž . Ž .Ž . 0 5i i i4
tgI
It is noted that C is a cone in B. Further, C ; K. If u g C is a solution of
Ž . Ž . Ž . Ž .1.1 ] 1.2 , then obviously u is a fixed-sign solution of 1.1 ] 1.2 .
Ž . ŽLEMMA 4.1. Assume that A holds. Then, the operator S defined in
Ž ..3.1 maps C into itself.
Ž . Ž . Ž .Proof. Let u g C ; K . In view of A and 2.3 , we obtain, for
w xt g 0, 1 and 1 F i F m,
1
g S u t s G t , s g f s, u s , u s , . . . , u s ds G 0. 4.2Ž . Ž . Ž . Ž . Ž . Ž .Ž .Hi i i i i 1 2 m
0
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Ž .Next, an application of 4.2 and Lemma 2.2 yields
11 pn yp y1 ii iS u t s g S u t F 1 y s 1 y 1 y sŽ . Ž . Ž . Ž .Hi i i n y 1 !Ž .0 i
w x=g f s, u s , u s , . . . , u s ds, t g 0, 1 , 1 F i F m.Ž . Ž . Ž .Ž .i i 1 2 m
Consequently,
11 pn yp y1 ii i< <S u F 1 y s 1 y 1 y sŽ . Ž .0 Hi n y 1 !Ž .0 i
=g f s, u s , u s , . . . , u s ds, 1 F i F m. 4.3Ž . Ž . Ž . Ž .Ž .i i 1 2 m
Ž . Ž .Now, using 4.2 , Lemma 2.1, and 4.3 , for each 1 F i F m we find, for
t g I,
n y1i1 11 pn yp y1 ii ig S u t G 1 y s 1 y 1 y sŽ . Ž . Ž .Hi i ž /4 n y 1 !Ž .0 i
n y1i1
< <=g f s, u s , u s , . . . , u s ds G S u .Ž . Ž . Ž .Ž . 0i i 1 2 m iž /4
Hence,
n y1i1 < <min g S u t G S u , 1 F i F m. 4.4Ž . Ž .Ž . 0i i i4
tgI
Ž . Ž . Ž .Combining 4.2 and 4.4 , we obtain S C : C. Also, the standard argu-
ments yield that S is completely continuous.
Ž . Ž .THEOREM 4.1. Assume that A ] C hold, and
Ž . Ž .D for each 1 F i F m, there exist t : I “ 0, ‘ , j s 1, 2, . . . , m,i j
such that
g f t , u , u , . . . , u G t t w g u , t , u g I = K ;Ž . Ž . Ž . Ž .i i 1 2 m i j i j j j q
1 n y1jŽ . wŽ . xE there exists R ) r such that for x g R, R , j s 1, 2, . . . , m,4
 4 Ž .the following holds for some i g 1, 2, . . . , m i depends on j ,
3r4n y1j1x F w x ? sup G t , s t s dsŽ . Ž . Ž .Ž . Hi j i i j4
1r4w xtg 0, 1
3r4n y1j1s w x ? G 1, s t s ds; 4.5Ž . Ž . Ž . Ž .Ž . Hi j i i j4
1r4
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1 n y1jŽ . wŽ . xF there exists 0 - N - r such that for x g N, N , j s 1, 2,4
Ž .  4 Ž .. . . , m, inequality 4.5 holds for some i g 1, 2, . . . , m i depends on j .
UŽ . Ž .Then 1.1 ] 1.2 has two fixed-sign solutions u and u such that
U5 5 5 50 F u - r - u F R . 4.6Ž .
Proof. The existence of uU is guaranteed by Theorem 3.2. We shall
employ Theorem 2.2 to show the existence of u. For this, let
5 5 5 5 4  4V s u g B ‹ u - r and V s u g B ‹ u - R .1 2
Ž . 5 5 5 5 Ž . 5 5 5 5We shall prove that i Su F u for u g C l › V and ii Su G u1
for u g C l › V .2
Ž . 5 5 Ž . Ž . Ž .To justify i , let u g C l › V . So u s r. Using 4.2 , B , and C , we1
w xget, for t g 0, 1 and 1 F i F m,
S u t s g S u tŽ . Ž .i i i
1
F G t , s a s w g u s w g u s ??? w g u s dsŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .H i i i1 1 1 i2 2 2 im m m
0
1
F G t , s a s w r w r ??? w r dsŽ . Ž . Ž . Ž . Ž .H i i i1 i2 im
0
F M w r w r ??? w rŽ . Ž . Ž .i i1 i2 im
5 5- r s u .
< < 5 5 5 5 < <Therefore, S u F u for 1 F i F m and so Su s max S u F0 0i 1F iF m i
5 5u .
Ž . 5 5 5 5Next, to verify ii , let u g C l › V . So u s R. Suppose that u s2
< <  4 < < Ž .u for some z g 1, 2, . . . , m . Then u s R and it is clear that g u t0 0z z z z
1 n y1zwŽ . x Ž . Ž . Ž .g R, R for t g I. Now, applying 4.2 , D , and E , we find that4
 4 Ž .the following holds for some i g 1, 2, . . . , m i depends on z ,
S u 1 s g S u 1Ž . Ž .i i i
1
s G 1, s g f s, u s , u s , . . . , u s dsŽ . Ž . Ž . Ž .Ž .H i i i 1 2 m
0
3r4
G G 1, s g f s, u s , u s , . . . , u s dsŽ . Ž . Ž . Ž .Ž .H i i i 1 2 m
1r4
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3r4
G G 1, s t s w g u s dsŽ . Ž . Ž .Ž .H i i z i z z z
1r4
g u sŽ .3r4 z zG G 1, s t s dsŽ . Ž .H i i z n y1z1 3r41r4 H G 1, x t x dxŽ . Ž .Ž . 1r4 i i z4
n y1z1 RŽ .3r4 4G G 1, s t s dsŽ . Ž .H i i z n y1z1 3r41r4 H G 1, x t x dxŽ . Ž .Ž . 1r4 i i z4
5 5s R s u .
< < 5 5 5 5 5 5Hence, S u G u and so Su G u .0i
Ž . Ž .Having obtained i and ii , it follows from Theorem 2.2 that S has a
Ž . 5 5fixed point u g C l V _V . Therefore, r F u F R. Using an argu-2 1
ment similar to that in the first part of the proof of Theorem 3.2, we see
5 5that u / r. This completes the proof of the theorem.
5 U 5 UIt is noted in Theorem 4.1 that u may be zero; i.e., u may be trivial.
Our next result guarantees the existence of two nontri¤ial fixed-sign
solutions.
Ž . Ž . Ž . Ž .THEOREM 4.2. Assume that A ] F hold. Then 1.1 ] 1.2 has two
Ufixed-sign solutions u and u such that
U5 5 5 5N F u - r - u F R . 4.7Ž .
Proof. The existence of u follows from Theorem 4.1. We shall use
Theorem 2.2 to show the existence of uU. Let V be defined as in the1
proof of Theorem 4.1 and let
5 5 4V s u g B ‹ u - N .3
5 5 5 5As seen in the proof of Theorem 4.1, Su F u for u g C l › V .1
5 5 5 5Therefore, it remains to prove that Su G u for u g C l › V .3
5 5 < < Ž .For this, let u g C l › V . Assume that u s u s N for some03 z
1 n y1z 4 Ž . wŽ . xz g 1, 2, . . . , m . Then, g u t g N, N for t g I. Now, an applica-z z 4
Ž . Ž . Ž .  4 Ž .tion of 4.2 , D , and F gives, for some i g 1, 2, . . . , m i depends on z ,
S u 1 s g S u 1Ž . Ž .i i i
3r4
G G 1, s g f s, u s , u s , . . . , u s dsŽ . Ž . Ž . Ž .Ž .H i i i 1 2 m
1r4
3r4
G G 1, s t s w g u s dsŽ . Ž . Ž .Ž .H i i z i z z z
1r4
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n y1z1 NŽ .3r4 4G G 1, s t s dsŽ . Ž .H i i z n y1z1 3r41r4 H G 1, x t x dxŽ . Ž .Ž . 1r4 i i z4
5 5s N s u .
< < 5 5 5 5 5 5This immediately implies S u G u and hence Su G u .0i
We can now conclude from Theorem 2.2 that S has a fixed point
U UŽ . 5 5u g C l V _V . Therefore, N F u F r. By a previous argument,1 3
5 U 5u / r and the proof is complete.
The following example illustrates Theorem 4.1.
EXAMPLE 4.1. Consider the system
Ž3. < <1r7 < <1r9 w xx t q exp x q y s 0, t g 0, 1Ž . Ž .
Ž4. < <1r6 < < w xy t q exp x q y s 0, t g 0, 1 4.8Ž . Ž .Ž .
x Ž j. 0 s xY 1 s y Žk . 0 s yX 1 s 0, j s 0, 1, k s 0, 1, 2.Ž . Ž . Ž . Ž .
Here, n s 3, n s 4, p s 2, p s 1, m s 2,1 2 1 2
< <1r7 < <1r9f t , x , y s exp x q y andŽ . Ž .1
< <1r6 < <f t , x , y s exp x q y .Ž . Ž .2
Ž . Ž .Fix g s g s 1. Clearly, A holds. In B , let a s a s 1 and1 2 1 2
< <1r7 < <1r9w x s exp x , w y s exp y ,Ž . Ž .Ž . Ž .11 12
< <1r6 < <w x s exp x , w y s exp y .Ž . Ž . Ž .Ž .21 22
1 1Ž .Next, using expression 2.2 we compute that M s and M s .1 23 72
Ž .Therefore, condition C reduces to
1 1r7 1r9r ) exp r q r ,Ž .3
1 1r6r ) exp r q r .Ž .72
w x Ž .The above inequalities are satisfied if r g 3.470, 4.494 . Hence, C holds
w xfor any r g 3.470, 4.494 .
Ž .  4In condition D , pick t s 1 for i, j g 1, 2 . Finally, sincei j
z
 4lim s 0, i , j g 1, 2 , 4.9Ž .
w zz“‘ Ž .i j
Ž .it is easy to choose R ) r such that E is fulfilled.
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Ž .It follows from Theorem 4.1 that the system 4.8 has two fixed-sign
U U U UŽ . Ž . Ž 5 5 .solutions u s x , y and u s x, y such that notice u / 0 trivially
U5 5 5 50 - u - r - u F R . 4.10Ž .
w xSince r can be any number in 3.470, 4.494 , we further conclude from
Ž .4.10 that
U5 5 5 50 - u - 3.470 and u ) 4.494. 4.11Ž .
5. NONPOSITIVE SYSTEM
Ž .In this section we shall relax the ``positiveness'' condition A on the
nonlinearities f 's. Here, for each 1 F i F m, assume that f is continuousi i
w xon 0, 1 = K with only
w xf t , u , u , . . . , u / 0, t , u g 0, 1 = K .Ž . Ž .i 1 2 m q
Ž . Ž .With these f 's, the system 1.1 ] 1.2 is termed nonpositi¤e. By applyingi
the results of Sections 3, we shall obtain existence theorems for the
Ž . Ž .nonpositive system 1.1 ] 1.2 .
LEMMA 5.1. Let L , 1 F i F m, be gi¤en nonnegati¤e constants. Then, thei
Ž .system 1.2 ,
Žni. w xu t q g L s 0, t g 0, 1 5.1Ž . Ž .i i i
Ž . Lwhere i s 1, 2, . . . , m , has a fixed-sign solution u . In particular, for
LŽ . w xL s 0, 1 F i F m, we can take u t s 0, t g 0, 1 .i
Proof. We check that the conditions of Theorem 3.2 are satisfied. In
Ž . Ž .fact, with f ’ g L , 1 F i F m, condition A is obvious. In condition B ,i i i
Ž .pick a s L and w s w s ??? s w s 1. Condition C is satisfiedi i i1 i2 im
with
1
r s max M q 1 s max L G 1, s ds q 1.Ž .Hi i i
1FiFm 1FiFm 0
Hence, the conclusion follows from Theorem 3.2.
w x LRemark 5.1. In fact, by Theorem 3.1 of 19 we have u g C, where C
Ž .is given in 4.1 .
THEOREM 5.1. Suppose there exist nonnegati¤e constants L , 1 F i F m,i
such that
Ž .X Ž .A ``nonpositi¤eness'' condition for each 1 F i F m,
w xg f t , u , u , . . . , u q L G 0, t , u g 0, 1 = KŽ . Ž .i i 1 2 m i
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and
w xg f t , u , u , . . . , u q L ) 0, t , u g 0, 1 = K ;Ž . Ž .i i 1 2 m i q
Ž .XB for each 1 F i F m,
g f t , u , u , . . . , u q L F a t w g u w g u ??? w g u ,Ž . Ž . Ž . Ž . Ž .i i 1 2 m i i i1 1 1 i2 2 2 im m m
w xt , u g 0, 1 = K ,Ž .
w x Ž . w . w .where a : 0, 1 “ 0, ‘ , and w : 0, ‘ “ 0, ‘ , 1 F j F m, are continuousi i j
and nondecreasing.
Ž . Ž . Ž .Further, assume that C holds. Then the nonpositi¤e system 1.1 ] 1.2 has a
5 L 5 Ž L .solution u with u q u - r where u is as in Lemma 5.1 .
Ž . Ž .Proof. It is clear that the nonpositive system 1.1 ] 1.2 has a solution
u if and only if q s u q uL is a solution of the operator equation
q s Tq , 5.2Ž .
where T : B “ B is defined by
w xTq t s T q t , T q t , . . . , T q t , t g 0, 1 5.3Ž . Ž . Ž . Ž . Ž .Ž .1 2 m
1 L LT q t s G t , s h s, q y u s , q y u s , . . . ,Ž . Ž . Ž . Ž .Ž . Ž .ŽHi i i 1 1 2 2
0
q y uL s ds,Ž .Ž . .m m
w xt g 0, 1 , 1 F i F m 5.4Ž .
h t , x , x , . . . , x s f t , r , r , . . . , r q g L , 1 F i F m 5.5Ž . Ž . Ž .i 1 2 m i 1 2 m i i
and for 1 F i F m,
x , if g x G 0i i ir s 5.6Ž .i ½ 0, otherwise.
Ž . w x mFrom 5.5 we see that h : 0, 1 = R “ R is continuous and is welli
defined. Further, T is continuous and completely continuous.
Ž . Ž .To show that 5.2 has a solution, or equivalently, the system 1.2 ,
qŽni. t q h t , q y uL t , q y uL t , . . . , q y uL t s 0,Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .i i 1 1 2 2 m m
w xt g 0, 1 5.7Ž .
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has a solution, we shall employ Theorem 3.1. Consider the family of
Ž .systems comprising 1.2 ,
qŽni. t q lh t , q y uL t , q y uL t , . . . , q y uL t s 0,Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .i i 1 1 2 2 m m
w xt g 0, 1 , 5.8Ž . l
Ž . Ž . Ž .where l g 0, 1 . For any solution q of 5.8 ] 1.2 , we shall prove thatl
5 5q / r.
Ž . Ž . Ž . Ž .X Ž . Ž .Clearly, from 5.4 ] 5.6 , 2.3 and A , we have g q t s g lT q t G 0,i i i i
w x Ž .X Ž . w xt g 0, 1 , 1 F i F m. Thus, in view of B and C , we find for t g 0, 1
and 1 F i F m,
q t s g q tŽ . Ž .i i i
1 L LF G t , s g h s, q y u s , q y u s , . . . ,Ž . Ž . Ž .Ž . Ž .ŽH i i i 1 1 2 2
0
q y uL s dsŽ .Ž . .m m
1
F G t , s a s w g u w g u ??? w g u dsŽ . Ž . Ž . Ž . Ž .H i i i1 1 1 i2 2 2 im m m
0
where for 1 F k F m ,
L Lq y u s , if g q y u s G 0Ž . Ž .Ž . Ž .k k k k ku sk ½ 00, otherwise
1
5 5 5 5 5 5F G t , s a s w q w q ??? w q dsŽ . Ž . Ž . Ž . Ž .H i i i1 i2 im
0
5 5 5 5 5 5F M w q w q ??? w q .Ž . Ž . Ž .i i1 i2 im
It follows immediately that
< < 5 5 5 5 5 5q F M w q w q ??? w q , 1 F i F m. 5.9Ž .Ž . Ž . Ž .0i i i1 i2 im
5 5 < <  4 Ž .Let q s q for some j g 1, 2, . . . , m . Then 5.9 provides0j
5 5 5 5 5 5 5 5q F M w q w q ??? w q ,Ž . Ž . Ž .j j1 j2 jm
Ž . 5 5which, when compared with condition C , yields q / r.
Ž . Ž .Now, we conclude from Theorem 3.1 that the system 5.7 ] 1.2 has a
5 5solution q g B with q F r. It is noted that q is of fixed sign. By an
5 5 5 5argument similar to that above, we have q / r. Therefore, q - r. This
completes the proof of the theorem.
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Remark 5.2. Theorem 5.1 guarantees the existence of a solution u such
Ž L.that u q u is of fixed sign. However, u may not be of fixed sign.
Our next result ensures the existence of a fixed-sign solution.
THEOREM 5.2. Suppose there exist nonnegati¤e constants L , 1 F i F m,i
Ž .X Ž .X Ž .such that A , B , and C hold. Further, assume that
Ž .X Ž .D for each 1 F i F m, there exist t : I “ 0, ‘ , j s 1, 2, . . . , m,i j
such that
g f t , u , u , . . . , u q L G t t w g u , t , u g I = K ;Ž . Ž . Ž . Ž .i i 1 2 m i i j i j j j q
X 1 Un y1jŽ . wŽ . xE there exists R ) r such that for x g R , R , j s 1, 2, . . . , m,j4
 4 Ž .the following holds for some i g 1, 2, . . . , m i depends on j ,
U n y1jR 1 3r4j
x F w x ? G 1, s t s ds,Ž . Ž . Ž .Hi j i i jž /R 4 1r4
R , if L s 0, 1 F k F m¡ k
n y1j1
U ~ 1 y R ,R sj ž /4
n y1 L¢ j 5 5if L / 0 for some k and R ) 4 u ) 0.k
Ž . Ž .Then the nonpositi¤e system 1.1 ] 1.2 has a fixed-sign solution u with
L L5 5 Ž .r - u q u F R where u is as in Lemma 5.1 .
Ž . Ž .XProof. Let the cone C be defined as in 4.1 . Using A and Lemmas
Ž2.1 and 2.2, it can be shown, as in Lemma 4.1, that the operator T see
Ž ..5.3 maps C into itself.
Define the set
L L w xC s q g C for each 1 F i F m , g q y u t G 0 for t g 0, 1 ,Ž .Ž .i i i½
n y1i1
L L< <and min g q y u t G q y u . 5.10Ž . Ž .Ž . 0i i i i i 5ž /4tgI
L L Ž Ž ..Note that C contains the element u q g where g s g , g , . . . , g .1 2 m
Let
L 5 5 L 5 5V s q g C ‹ q - r and V s q g C ‹ q - R . 4  41 2
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Ž . 5 5 5 5 Ž . 5 5 5 5We claim that i Tq F q for q g C l › V , and ii Tq G q for1
q g C l › V .2
Ž . 5 5 5 L 5To verify i , let q g C l › V . Thus, q s r which implies q y u F1
Ž .X Ž . w xr. Noting B and C , we obtain for t g 0, 1 and 1 F i F m,
T q t s g T q tŽ . Ž .i i i
1 L Ls G t , s g h s, q y u s , q y u s , . . . ,Ž . Ž . Ž .Ž . Ž .ŽH i i i 1 1 2 2
0
q y uL s dsŽ .Ž . .m m
1 L Ls G t , s g f s, q y u s , q y u s , . . . ,Ž . Ž . Ž .Ž . Ž .ŽH i i i 1 1 2 2
0
Lq y u s q g L dsŽ .Ž . .m m i i
1 L LF G t , s a s w g q y u s w g q y u s ???Ž . Ž . Ž . Ž .Ž . Ž .Ž . Ž .H i i i1 1 1 1 i2 2 2 2
0
w g q y uL s dsŽ .Ž .Ž .im m m m
1
F G t , s a s w r w r ??? w r dsŽ . Ž . Ž . Ž . Ž .H i i i1 i2 im
0
F M w r w r ??? w rŽ . Ž . Ž .i i1 i2 im
5 5- r s q .
< < 5 5 5 5 < <As a result, T q F q for 1 F i F m and so Tq s max T q F0 0i 1F iF m i
5 5q .
Ž . 5 5 5Next, to prove ii , let q g C l › V . So q s R. Suppose that q y2
L 5 < L <  4u s q y u for some z g 1, 2, . . . , m . Then, for t g I,0z z
n y1 n y1 n y1z z z U1 1 1L L L5 5 5 5 5 5g q y u t G q y u G q y u G R .Ž . Ž .Ž . Ž . Ž .Ž .z z z z4 4 4
1 U XL n y1zŽ .Ž . wŽ . x Ž .Hence, g q y u t g R , R for t g I. Now, employing D andz z z z4
Ž .X  4 Ž .E , we find for some i g 1, 2, . . . , m i depends on z ,
T q 1 s g T q 1Ž . Ž .i i i
1 L Ls G 1, s g f s, q y u s , q y u s , . . . ,Ž . Ž . Ž .Ž . Ž .ŽH i i i 1 1 2 2
0
Lq y u s q g L dsŽ .Ž . .m m i i
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3r4 LG G 1, s t s w g q y u s dsŽ . Ž . Ž .Ž .Ž .H i i z i z z z z
1r4
g q y uL sŽ .Ž .3r4 z z zG G 1, s t s dsŽ . Ž .H i i z n y1zU 1 3r41r4 R rR H G 1, x t x dxŽ . Ž . Ž .Ž .z 1r4 i i z4
n y1z U1 RŽ .3r4 z4G G 1, s t s dsŽ . Ž .H i i z n y1zU 1 3r41r4 R rR H G 1, x t x dxŽ . Ž . Ž .Ž .z 1r4 i i z4
5 5s R s q .
< < 5 5 5 5 5 5Thus, T q G q and so Tq G q .0i
Ž . Ž .Now that we have established i and ii , it follows from Theorem 2.2
LŽ . 5 5that T has a fixed point q g C l V _V : C . Therefore, r F q F R.2 1
Using an argument similar to that in the first part of the proof of Theorem
L5 55.1, we see that q / r. Since q s u q u , where u is a solution of the
LŽ . Ž .nonpositive system 1.1 ] 1.2 , and also q g C , it is clear that u is of
fixed sign. The proof of the theorem is complete.
COROLLARY 5.1. Let the assumptions of Theorem 5.2 hold. Then the
UŽ . Ž .nonpositi¤e system 1.1 ] 1.2 has two solutions u and u such that
U L L5 5 5 50 F u q u - r - u q u F R 5.11Ž .
LŽ .where u is as in Lemma 5.1 . Note that u is of fixed sign.
Proof. The corollary follows from Theorems 5.1 and 5.2.
Our final result guarantees the existence of two fixed-sign solutions.
THEOREM 5.3. Suppose there exist nonnegati¤e constants L , 1 F i F m,i
Ž .X Ž .X Ž . Ž .X Ž .Xsuch that A , B , C , D , and E hold. Further, assume that
X 1 Un y1jŽ . wŽ . xF there exists 0 - N - r such that for x g N , N , j sj4
 4 Ž .1, 2, . . . , m, the following holds for some i g 1, 2, . . . , m i depends on j ,
U n y1jN 1 3r4j
x F w x ? G 1, s t s ds,Ž . Ž . Ž .Hi j i i jž /N 4 1r4
N , if L s 0, 1 F k F m¡ k
n y1U j~ 1 if L / 0 for some k andN s kj 1 y N ,
n y1 Lž / j¢ 5 54 N ) 4 u ) 0.
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Ž . Ž .Then the nonpositi¤e system 1.1 ] 1.2 has two fixed-sign solutions u and uÃ
such that
L L5 5 5 5N F u q u - r - u q u F R 5.12Ž .Ã
Ž L .where u is as in Lemma 5.1 .
Proof. The existence of u is guaranteed by Theorem 5.2. Once again,
L Ž .we shall employ Theorem 2.2. With C defined in 5.10 , let
L 5 5V s q g C ‹ q - N . 43
5 5 5 5We observe from the proof of Theorem 5.2 that Tq F q for q g C l
5 5 5 5› V . So it remains to show that Tq G q for q g C l › V .1 3
5 5 5 L 5 < L <Let q g C l › V . So q s N. Assume q y u s q y u for some03 z z
 4z g 1, 2, . . . , m . Then, for t g I,
n y1 n y1 n y1z z z U1 1 1L L L5 5 5 5 5 5g q y u t G q y u G q y u G N .Ž . Ž .Ž . Ž . Ž .Ž .z z z z4 4 4
1 U X XL n y1zŽ .Ž . wŽ . x Ž . Ž .Thus, g q y u t g N , N for t g I. Using D and F , wez z z z4
 4 Ž .obtain, for some i g 1, 2, . . . , m i depends on z ,
T q 1 s g T q 1Ž . Ž .i i i
3r4 LG G 1, s t s w g q y u s dsŽ . Ž . Ž .Ž .Ž .H i i z i z z z z
1r4
g q y uL sŽ .Ž .3r4 z z zG G 1, s t s dsŽ . Ž .H i i z n y1zU 1 3r41r4 N rN H G 1, x t x dxŽ . Ž . Ž .Ž .z 1r4 i i z4
n y1z U1 NŽ .3r4 z4G G 1, s t s dsŽ . Ž .H i i z n y1zU 1 3r41r4 N rN H G 1, x t x dxŽ . Ž . Ž .Ž .z 1r4 i i z4
5 5s N s q .
< < 5 5 5 5 5 5Therefore, T q G q and so Tq G q .0i
LŽ .By Theorem 2.2, T has a fixed point q g C l V _V : C withÃ 1 3
5 5 5 5N F q F r. Further, a previous argument gives q / r. Noting thatÃ Ã
L Ž . Ž .q s u q u , where u is a solution of the nonpositive system 1.1 ] 1.2 ,Ã Ã Ã
and also the fact that q g C L, it is obvious that u is of fixed sign. ThisÃ Ã
completes the proof of the theorem.
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Finally, we illustrate Corollary 5.1 by the following example.
EXAMPLE 5.1. Consider the system
Ž5. < <1r7 < < 3 w xx t q exp x q y y e s 0, t g 0, 1Ž . Ž .
Ž3. < < < <1r5 4 w xy t q exp x q y y e s 0, t g 0, 1 5.13Ž . Ž .Ž .
x Ž j. 0 s x Ž3. 1 s y Žk . 0 s yX 1 s 0, j s 0, 1, 2, 3, k s 0, 1.Ž . Ž . Ž . Ž .
Here, n s 5, n s 3, p s 3, p s 1, m s 2,1 2 1 2
< <1r7 < < 3f t , x , y s exp x q y y e andŽ . Ž .1
< < < <1r5 4f t , x , y s exp x q y y e .Ž . Ž .2
Fix g s g s 1. Clearly, the nonlinearities are not always positive. With1 2
3 4 Ž .X Ž .XL s e and L s e , condition A is fulfilled. Further, B is satisfied1 2
with a s a s 1 and1 2
< <1r7 < <w x s exp x , w y s exp y ,Ž . Ž . Ž .Ž .11 12
< < < <1r5w x s exp x , w y s exp y .Ž . Ž . Ž . Ž .21 22
1 1 Ž .Next, we compute that M s and M s . Therefore, condition C1 280 12
reduces to
1 1r7r ) exp r q r ,Ž .80
1 1r5r ) exp r q r ,Ž .12
w xwhich are satisfied if r g 0.2159, 2.047 .
Ž .X  4 Ž .In condition D , let t s 1 for i, j g 1, 2 . Finally, since 4.9 holds, iti j
Ž .Xis easy to choose R ) r such that E is fulfilled.
L Ž L L.Let u s x , y be a positive solution of the system
Ž5. 3 w xx t q e s 0, t g 0, 1Ž .
Ž3. 4 w xy t q e s 0, t g 0, 1Ž .
x Ž j. 0 s x Ž3. 1 s y Žk . 0 s yX 1 s 0, j s 0, 1, 2, 3, k s 0, 1.Ž . Ž . Ž . Ž .
Ž . UBy Corollary 5.1, the nonpositive system 5.13 has two solutions u s
U U UŽ . Ž . Ž 5 5 .x , y and u s x, y such that notice u / 0 trivially
U L L5 5 5 50 - u q u - r - u q u F R . 5.14Ž .
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w xSince r can be any number in 0.2159, 2.047 , we further conclude from
Ž .5.14 that
U L L5 5 5 50 - u q u - 0.2159 and u q u ) 2.047. 5.15Ž .
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